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Abstract. We show that the following two algebras are isomorphic. The first is the 
algebra of functions on the scheme of monic linear second-order differential opera- 
tors on C with prescribed regular singular points at zi, . . . , z„, cxd, prescribed exponents 
A(i),...,A("),A(°°) at the singular points, and having the kernel consisting of polyno- 
mials only. The second is the Bethe algebra of commuting linear operators, acting on 
the vector space Sing //^(i) ® ■ ■ ■ ® Lam [A(°°)] of singular vectors of weight A*^°°) in 
the tensor product of finite dimensional polynomial g[2-modules with highest weights 

aw,...,a("). 

1. Introduction 

1.1. There is a classical connection between Schubert calculus and representation theory 
of the Lie algebra qIj^. Let be a vector space. Then Schubert cycles in the Grassmannian 
of A^-dimensional subspaces of V are labeled by highest weights of polynomial irreducible 
g [^-modules and if the intersection of several cycles is finite, then the intersection number 
is equal to the multiplicity of the unique one-dimensional representation in the tensor 
product of the corresponding polynomial finite-dimensional gl^y-modules. It is a challenge 
to understand in a deeper way this numerological relation, see [F]. [B]. 

In this paper we prove a result which may help to comprehend better the interrelation 
of Schubert calculus and representation theory. Namely, for N = 2 under certain condi- 
tions, we identify the algebra of functions on the intersection of Schubert cycles with the 
Bethe algebra of linear operators acting on the multiplicity space of the one-dimensional 
subr epresent at ion . 
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1.2. Let A^-*^) , . . . , A^"^ , A^°°) be dominant integral 0[^-weights. Consider the tensor prod- 
uct La = Lj^(i) ® • • • (8) L^(n) of n polynomial irreducible finite-dimensional [^-modules 
with highest weights A^^\ . . . , A^"'\ respectively. Let Sing La[A*^°^)] C La be the subspace 
of singular vectors of weight A^°°\ Fix n distinct complex numbers zi, . . . , Zn- Then the 
theory of the integrable Gaudin model provides us with a collection of commuting linear 
operators on that space, the operators being called the higher Gaudin Hamiltonians or 
the higher transfer matrices. The unital algebra oi endomorphisms of Sing La[A(°°)], 
generated by the higher Gaudin Hamiltonians, is called the Bethe algebra. 

Thus, given a set of highest weights A^^\ . . . , A^"\A^°°^ and a collection of complex 
numbers Zi,. . . ,Zn we construct the vector space Sing La[A(°°)] and the commutative 
Bethe algebra of linear operators acting on that space. 

There is another construction which starts with the same initial data. Having a set of 
highest weights A^^^, . . . , A("\ A(°°) as above and a collection of distinct complex numbers 
Zi, . . . , Zn,^c may construct one more vector space of the same dimension as Sing La[A^°°)] 
and an algebra of commuting linear operators acting on that new space. 

Namely, write A« = (Af\ . . . , A^), i = 1, . . . ,n, oo, with Af^ ^ ■ ■ • ^ A^^^_^ ^ A^^^ 
being non-negative integers. Consider the vector space Cd[x] of polynomials in x of degree 
not greater than d, where is a natural number big enough with respect to n and A^. 
Define n + 1 Schubert cycles C^^^/^a), . . . , C^„_A(n), C'oq a(°°) the Grassmannian of all A^- 
dimensional subspaces of C(i[x] as follows. For i = 1, . . . , n, the cycle C^. aco is the closure 
of the set of all A^-dimensional subspaces V C Cd[x] having a basis /i, . . . , /at such that 

J){x) = {x-Zi)^^^+^-^ + 0{{x-Zi)^^^^+^-^+^) for all j. The cycle C<^,a(-) is the closure of 
the set of all A^-dimensional subspaces V C Cd[x] having a basis /i, . . . , /jv of polynomials 
of degrees Aj^-* , A^^\ + 1, . . . , aS + A^ — 1, respectively. Consider the intersection of these 
cycles and the algebra Aq of functions on this intersection. 

By Schubert calculus, the dimension of Aq, regarded as a vector space, equals the 
dimension of the vector space Sing La[A*^°°)]. Multiplication in the algebra Aq defines 
on the vector space Aq the commutative algebra of linear multiplication operators. The 
vector space Aq with the commutative algebra of multiplication operators is our new 
object. 

We conjecture that there exists a natural isomorphism of the vector spaces Aq — > 
Sing La[A(°°)] which induces an isomorphism of the corresponding algebras — the algebra 
of multiplication operators on Aq and the Bethe algebra Al acting on Sing La[A(°°)]. 

Note that the Bethe algebra Al has linear algebraic nature (it is generated by a finite 
set of relatively explicitly defined matrices) while the algebra Aq has geometric nature (it 
is the algebra of functions on the intersection of several algebraic cycles) . An isomorphism 
of and Aq may allow us to study one of the algebras in terms of the other. 
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For example, the intersection of Schubert cycles C^^^ a(i) , • • • , C'^^ a(") 5 a(°°) is not 
transversal if and only if the algebra Aq has nilpotent elements. Probably it is easier to 
check the presence of such elements in Al than in Aq- 

As another example, assume that all elements of the Bethe algebra Al are diagonaliz- 
able. In that case the algebra Ac does not have nilpotent elements, hence the intersection 
of the Schubert cycles is transversal. Returning back to the Bethe algebra Al "we may 
conclude that the spectrum of Al is simple. 

The main result of this paper is the construction of an isomorphism of Al and Aq for 
N = 2. 

1.3. The paper has the following structure. 

In Section [2] we define two algebras Am and A^. The algebra Am is the algebra 
generated by the Gaudin Hamiltonians acting of the subspace Sing Ma[A*^°°^] of singular 
vectors of weight A^°°'> in the tensor product Ma = M^(i) ® ■ ■ ■ ® Mj^(n) of Verma 0[2- 
modules. Here A*^*) = (m^, 0) for i = 1, . . . ,n and A*^""^ = {"^^^i ms — /, 0- 

To define the algebra Al) we consider the scheme Cl> of monic linear second-order 
differential operators on C having regular singular points at 2:1, . . . , 2;^, 00, with exponents 
0, mj + 1 at for i = 1, . . . , n, and exponents — /, ^ — 1 — ^"=1 at infinity, and also having 
a polynomial of degree / in its kernel. Then we define A^ as the algebra of functions on 

In Section [231 we construct an algebra epimorphism ipDM '■ ^m- 

In Section [3] we describe Sklyanin's separation of variables for the Gaudin model and 
introduce the universal weight function. The important result of Section [3] is Theorem 
13.4.21 on the Bethe ansatz method, which describes the interaction of the three objects: 
algebras Am, Ad, and the universal weight function. 

In Section m we consider the space A*d, dual to the vector space Ad, and the algebra of 
linear operators on A*d dual to the multiplication operators on Ad- Using the universal 
weight function we construct a linear map r : A*D Sing Ma[A(°°)]. Theorem iXI] says 
that r is an isomorphism identifying the algebra of operators on A*d dual to multiplication 
operators and the Bethe algebra Am acting on Sing Ma[A(°°)]. Theorem SXU is our first 
main result. 

In Section 1131 using the Grothendieck bilinear form on we construct an isomorphism 
: Ad A*j~,. The isomorphism identifies the algebra of multiplication operators on 
Ad with the algebra of operators on A*d dual to multiplication operators. 

In Section Owe introduce three more algebras Aq, Ap, Al- 

The algebra Aq is the algebra of functions on the intersection of Schubert cycles 
^2i,A(i)5 • • • 5 ^2i,A(")5 A(°°) the Grassmannian of two-dimensional subspaces of Cd[a;]. 

To define the algebra we consider the scheme Cp of monic linear second-order 
differential operators on C having regular singular points at zi, - - - , Zn, 00, with exponents 
0, mj + 1 at Zi for i = 1, . . . , n and exponents — /, / — 1 — Yl^=i infinity, and also 
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having the kernel consisting of polynomials only. Then the algebra is the algebra of 
functions on Cp. 

The algebra Am is the algebra generated by the Gaudin Hamiltonians acting of the 
subspace Sing La[A*^°°)] of singular vectors of weight A^°°^ in the tensor product La = 
La(i) (8) • • ■ ® LA(n) of polynomial irreducible finite-dimensional g [^-modules with highest 
weights A^^\ . . . , A^"-*, respectively. 

In Section [6] we discuss interrelations of the five algebras A^, Am, Aq, Ap, Al. In par- 
ticular, we have a natural isomorphism ipcp '■ —>■ Ap. 

In Section [6] we construct a linear map C : Ap — > Sing La [A '^°°)]. Using our first 
main result we show in Theorem 16.4.11 that ( is an isomorphism identifying the algebra 
of multiplication operators on Ap and the Bethe algebra Al acting on Sing La[A^°°^]. 
Theorem 16.4.11 is our second main result. 

In Section [7] using the Shapovalov form on Sing La [A '^°°)] and the isomorphism we 
construct a linear map 9 : A*p — ^ Sing La [A '^°°^]. In Theorem 17.2.11 we show that 9 is an 
isomorphism identifying the algebra on A*p of operators dual to multiplication operators 
and the Bethe algebra Al acting on Sing La[A*^°°)]. This is our third main result. 

As an application of the third main result we prove the following statement, see Corol- 
lary 031 

// a two-dimensional vector space V belongs to the intersection of the Schubert cycles 
Czi,AW, • • • ; C'2i,A(")5 C'oo,A(°°) ^'^^ ^/ (P/dx"^ + a{x)d/dx + b{x) is the differential operator 
annihilating V, then there exists a nonzero eigenvector v G Sing La[A(°°)] of the Bethe 
algebra Al with eigenvalues given by the functions a{x) and b{x). 

Note that the converse statement follows from Corollaries 12.2.1 and 12.2.2 in |MTV3j . 
see Sections 17.2.21 and 17.2.31 

In Appendix we discuss the relations between the Grothendieck residue on Ad, the 
Shapovalov form on SingLA[A*^°°)] and the homomorphism Ad SingMA[A(°°)] — * 
SingLA[A(°°)]. 

1.4. We thank P. Belkale and F. Sottile for useful discussions. 

2. Two ALGEBRAS 

2.1. Algebra Am- 

2.1.1. Let gig be the complex Lie algebra of 2 x 2-matrices with standard generators 
eab,(i,b = 1,2. Let 1) C gig be the Cartan subalgebra of diagonal matrices, f)* the dual 
space, ( , ) the standard scalar product on f)*, ei, 62 G P)* the standard orthonormal basis, 
a = ei — €2 the simple root. 

Let A = (A(i), . . . , A(")) be a collection of g[ 2-weights, where A^^^ = msCi with rUg E C. 

Let I be a nonnegative integer. Define the glg-weight A*^°°) = X]s=i ^^^'^ ~ 

The pair A, / is called separating if Yl^=i — 2/ + l + i 7^ for alH = 1, . . . , /. 
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2.1.2. Let z = {zi, . . . , Zn) be a collection of distinct complex numbers. Let 

Ma = M^d) ® ■ ■ ■ ® M^(„) 

be the tensor product of Verma glj-niodules with highest weights A^^\ . . . ,A^"'\ respec- 
tively. Denote by Sing Ma [A '^°^)] the subspace of Ma of singular vectors of weight A^°°\ 

Sing Ma[A(°°)] = { i; G Ma I e^v = 0, 622^^ = lv} . 
Consider the differential operator 



d J-^ ' \ rl J-^ ' \ / ^ p^ ' \ / J--^ p 
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\dx ~^ X — Zs I \dx ~^ X ~ J X ~ I X ~ Zs 

The differential operator acts on MA-valued functions in x and is called the universal 
differential operator associated with Ma and z, [T], |MTV1] . |MTV3] . We have 

2)^^ = A + (2.1) 

S = \ S = \ 

where #1, . . . , ^„ G End (Ma), 

1 ^ 
Hs = {msmr — Qs,r) and r2<(,r = ^if ® ^fi ■ (2-2) 

/ ■ • 1 

We have Hi + --- + Hn =J). 

The operators Hi, ... , Hn are called t/ie Gaudin Hamiltonians associated with Ma and 
z. The Gaudin Hamiltonians have the following properties: 

(i) The Gaudin Hamiltonians commute: [Hi,Hj\ = for all i,j. 

(ii) The Gaudin Hamiltonians commute with the 0l2"^ction on Ma: [Hi,x] = for all 
i and x G U{gl2). 

In particular, the Gaudin Hamiltonians preserve the subspace Sing Ma[A(°°^] C Ma. 

Restricting Dma to the subspace of SingMA[A(°°)]-valued functions we obtain the dif- 
ferential operator 

Dsin M = — - V — + V (2.3) 

™^ ^ dx"^ ^ X — Zs dx ^ X — Zg 

s=l s=l 

where Hg = -f^s|singMA[A(°°'] 

G End(SingMA[A(°°)]). 
The operator I'singMA be called the universal differential operator associated with 
SingMA[A*^°°)] and z. The operators Hi, . . . , Hn will be called the Gaudin Hamiltonians 
associated with Sing Ma [A '^°°)] and z. 
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The commutative unital subalgebra of End (Sing Ma[A*^°°'']) generated by the Gaudin 
Hamiltonians Hi, . . . , Hn will be called the Bethe algebra associated with Sing Ma [A*- °°-*] 
and z and denoted by Am- 



Hs Gqx''-^ + --- + G. 



n~2 



2.1.3. Introduce the operators Go, • • • , Gn-2 by the formula 

^ X - 

s=l 

Then Go = / ( E"=i + 1-0- 



^ X - Zs {X - Zi) . . .{X - Zr, 

s=l ^ ' ^ 



2.1.4. Lemma. Assume that the pair A., I is separating. Then 

dim Sing Ma[ELi ^^'^ - la] = 

dim MA[Er=i ^^'^ - la] - dim Mj^[YJl=i A^'^ - (/ - l)a] . 

Proof. The map 612621 : Ma [ E"=i A^^^ - (/ - 1) a] ^ Ma [ YJl=i A^'^ - (/ - 1) a] is an 
isomorphism of vector spaces since the pair A, / is separating. The fact that 612621 is an 
isomorphism implies the lemma. □ 



2.1.5. Theorem. Assume that the pair \, I is separating. Then for any 

vq E Sing Ma[A*^°°^] there exist unique vi, . . . ,vi E SingMA[A*^°°)] such that the function 

v{x) = Vqx'' + ViX^^^ + . . . + Vi 

is a solution of the differential equation 'T)^\ngMj^v{x) = 0. 

Proof. If all weights A^^\ . . . , A*^"^ are dominant integral, then the theorem holds by The- 
orem 12.1.3 from [MTV3j . By Lemma 12.1.41 the dimension of SingMA[A*^°°^] does not 
depend on A if the pair A, I is separating. Hence the theorem holds for all separating 
A, I. □ 



2.2. Algebra Ad. 



2.2.1. Denote a = {ai, . . . ,ai) and h = {hi, . . . , hn)- Consider the space C'^" with 
coordinates a, h. Denote by D the set of all points p E C'"*"" whose coordinates satisfy 
the equations q-i{h) = 0, qo{h) = 0, where 

n n n 

q-i{h) = ^/i, , go(^) = Zshs - iC^rUs + l-l) . 

s=l s=l s=l 

The set D is an affine space of dimension I + n — 2. 
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2.2.2. Denote by the following polynomial differential operator in x depending on 
parameters h, 



= n(x-.-,) N^-y:-^^+y:-^ . (2.4) 




If p e then the singular points of "^hip) are zi, . . . , Zn, oo and the singular points are 
regular. For s — 1, . . . ,n, the exponents of Dh(p) at Zs are 0, + 1. The exponents of 
Dh(p) at oo are —1,1 — 1 — J2^=i "^s- 

2.2.3. Denote by p{x, a) the following polynomial in x depending on parameters a, 

a) = + a.ix''^^ + ■ ■ ■ + ai . 

If h satisfies equations q-i{h) = and qo{h) — 0, then the polynomial Tl^ipix, a)) is a 
polynomial in x of degree / + n — 3, 

'Dh{p{x,a)) = gi(a,/i)x^+"-3 + ... + 5i+„_2(a,/i) . 

The coefficients qi{a, h) are functions linear in a and linear in h. 

Denote by Id the ideal in C[a, h] generated by polynomials qo,qi, ■ ■ ■ , qi+n-2- The 
ideal Id defines a scheme Cd ^ D- Then 

Ad = C[a,h]//i3 

is the algebra of functions on C^:!. 

The scheme C/j is the scheme of points p E D such that the differential equation 
'^h{p)u{x) = has a polynomial solution p{x, a{p))- 

2.2.4. The scheme Cd and the algebra Ad depend on the choice of distinct numbers 
z = {zi, ...,Zn): Cd^ Cd{z), Ad = Ad{z). 

2.2.5. Theorem. Assume that the pair A, I is separating. Then the dimension of Ad{z), 
considered as a vector space, is finite and does not depend on the choice of distinct numbers 

Zl, ■ ■ ■ , Zji- 

Proof. It suffices to prove two facts: 

(i) For any z with distinct coordinates there are no algebraic curves lying in Cd{z). 

(ii) Let a sequence i = 1,2, . . . , tend to a finite limit z = (zi, . . . , Zn) with distinct 
Zi, . . . , Zn- Let p*^*^ G Cd(^*^*-'), i = 1, 2, . . . , be a sequence of points. Then all 
coordinates (a(p'^*)), h{p^^^) remain bounded as i tends to infinity. 

We prove (i), the proof of (ii) is similar. 

For a point p in Cd{z), the operator I'h(p) has the form 
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where the polynomials Bq, Bi, B2 in x are of degree n,n — l,n — 2, respectively, the top 
degree coefficients of the polynomials Bq, Bi, B2 are equal to 1, — Yl^=i KYl^=i + 
1 — /), respectively, and the polynomials Bq, Bi do not depend on p. 

Assume that (i) is not true. Then there exists a sequence of points p^*^ G Coiz), 
i = 1,2, . . . , which tends to infinity as i tends to infinity. 

Then it is easy to see that h{p^'^'>) cannot tend to infinity since it would contradict to 
the fact that D^(p(,))(p(a;, a(p(*)))) = 0. 

Now choosing a subsequence we may assume that h{p^^^) has finite limit as i tends to 
infinity. 

If h{p^^^) has finite limit as i tends to infinity, then a(p*^*)) cannot tend to infinity since 
it would mean that the limiting differential equation has a polynomial solution of degree 
less than / and this is impossible. 

This reasoning implies that p^*^ G Co{z) cannot tend to infinity. Thus we get contra- 
diction and statement (i) is proved. □ 

2.3. Second description of A^. 

2.3.1. Theorem. Assume that the pair A, I is separating. Assume that h satisfies 
equations q-i{h) = and qo{h) = 0. Consider the system 

qi{a,h) = , i = l,...,l , (2.5) 

as a system of linear equations with respect to ai, . . . ,ai. Then this system has a unique 
solution ai = ai{h), i = 1, . . . ,1, where ai{h) are polynomials in h. □ 

Proof. Theorem 12.3.11 follows from the fact that 



n i—1 

qi{a,h) = i(^ms-2l + i + l)ai + qijjh) 

s=l j=l 



for i = 1, . . . ,1. Here qij are some linear functions of h. The coefficient of does not 
vanish because the pair A, / is separating. □ 

2.3.2. Denote by I'^ the ideal in C[h] generated by n polynomials q-i,qo, qj{a{h),h), 
j = l + l,...,l + n-2. Then 

An = C[h]/I'n . 

2.4. Third description of An- 

2.4.1. Assume that hi, . . . ,hn satisfy equations q-iih) = 0, qo{h) = 0. Then 
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s=l 



for suitable gi{h), . . . ,gn~2{h) which are hnear functions in h. 

2.4.2. Lemma. Let Ci, . . . , c„_2 be arbitrary numbers. Consider the system of n linear 
equations 

n n n 

^ /i^ = , ^ Zshs = I rus + l- l) , 

s=l s=l s=l 

gi{h) = Ci i = 1,. . . ,n-2 , 
with respect to hi, . . . ,hn- Then this system has a unique solution. □ 
This lemma is the standard fact from the theory of simple fractions. 

2.4.3. Let g = {go, . . . , gn-2) be a tuple of numbers and 



The expression 



g{x) = gox"" ^ + ^ + ■ ■ ■ + gn-2 



(Ylix - Zs))i-^p{x,a) -J2^^^,-^Pi^,^)) + 9{x)p{x,a) = 0. 

s=l i=l * 

is a polynomial in x of degree I + n — 2, 

go(a,c/)a;'+"~2 + qi{a,g) x^+"-^ + ... + qi+n-2{.a,g) , 
where qo{a, g) = g^-l {YJl=i m^ + l-l). 

2.4.4. Lemma. The system of equations 

qi{a,g) = 0, i = Q,...,n-2 , 
determines go, ... , gn~2 uniquely as polynomials in a. □ 

Proof. The equation qo{a,g) = gives go = / (X]s=i + 1 — /). Now Lemma [2.4.41 
follows from the fact that 

i-l 

qi{a,g) = + ^ qij{a)9j 
for i = 1, . . . ,n — 2. Here qij are some linear functions of a. □ 
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2.4.5. Combining Lemmas 12.4.21 and I2.4.4[ we obtain polynomial functions hi = hi{a), 
i = 1, . . . ,n. 

Denote by the ideal in C[a] generated by / polynomials qj{a, h{a)), j = n — 1, ...,/ + 
n — 2. Then 

Ad = C[a]/I';j . 

2.5. Epimorphism tpoM '■ Ad —>■ Am. Let hi, . . . ,hn be the functions on D, introduced 
in Section [2.2.11 and Hi, . . . , Hn the Gaudin Hamiltonians. 

2.5. L Theorem. Assume that the pair A, I is separating. Then the assignment 
hg Hg, s = 1, . . . ,n, determines an algebra epimorphism ipDM '■ Ad Am- 

Proof. The equations defining the scheme Cd are the equations of existence of a poly- 
nomial solution p{x, a) of degree / to the polynomial differential equation TihU^x) = 0. 
By Theorem I2.1.5[ the defining equations for Cd are satisfied by the coefficients of the 
universal differential operator DsmghiA- ^ 



3. Separation of variables 

3.1. Holomorphic representation. The tensor product Ma = ^a(i) ® ■ ■ ■ ® M^(„) of 
Verma 0[2-modules is identified with the space of polynomials C[x^^\...,x by the 
linear map 

eil%{i) ® ■ ■ ■ ® e^2>A(") ^ i^^^^y' ■ ■ ■ (a;^"^)^'" , 

where is the generating vector of Mj^(s). Then the glg-action on C[x^^\ . . . jX*^"^] is 
given by the differential operators, 



e['^ = -2x^'^d,(s) + , eg = , 
where d^(s) denotes the derivative with respect to x'^^^ 



3.2. Change of variables. Make the change of variables from x^^\ . . . ,x^"'^ to u, y^^\ 
using the relation 



. . . , 



t - Zs Us=l (t-Zs) 



where t is an indeterminate. This relation defines u,y^^\ . . . ,y^"'~^^ uniquely up to per- 
mutation of . . . , y'-""^'' unless u = X]s=i^''**'* ~ 0- The map {u, y^^\ . . . , y^"^'^^) i-^ 
{x^-^\ . . . , x^"^^) is an unramified covering on the complement to the union of diagonals 
= yO)^ i ^ and the hyperplane u = 0. 
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3.3. Sklyanin's theorem. Consider the operators Hi, . . . ,Hn defined by formula (12.21) . 
Introduce the operators 

" 1 _ 
K.iH) = V Hs, 2 = l,...,n-l. 



3.3.1. Theorem [Sk]. In variables u,y^^\ ... ,y^^ ^\ we h 



ave 



Km = + , ^ = l,...,n-l. 



3.4. Universal weight function. The weight subspace Ma[A*^°°)] C Ma is identified 
with the subspace of C[x^^\ . . . , x*-"^] of homogeneous polynomials of degree /. 
We consider the associated MA[A*^°°)]-valued universal weight function 



I n 



t -1 Zq 



n(n(^ _ 

j = l i = l .8 = 1 

of variables x^^\ . . . , x^"'\ ti, . . . , ti. In variables u, y^^\ . . . , y^"'~^\ ti, . . . , ti, the universal 
weight function takes the form 11^=1 Piv^^^)^ where p{x) = Y[\=i ~ ^O- If 

we denote by — ai, 02, ... , (— l)'ai the elementary symmetric functions of ti, . . . , ti, then 
p{x) = p{x, a) in notation of Section 12.2.31 and the universal weight function takes the 
form 

n-l 

u{u,y,a) = i-iy-u'l[p{y^^\a) , 

witht/ = 

The trivial but important property of the universal weight function is given by the 
following lemma. 

3.4.1. Lemma. For every p E D, the vector uj{u,y,a{p)) is a nonzero vector of 
Ma[A(~)]. □ 

Denote by ud the projection of the universal weight function u{u, y, a) to M\ ® A^. 

3.4.2. Theorem. For s = 1, . . . ,n, we have 

HgUJo = hstJD (3.1) 

in Ma ® • Moreover, we have 

ud e SingMA[A(°°)] ® . (3.2) 
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Proof. First we prove formula (13.11) . Let C{u,y) be the algebra of rational functions in 
u, y. For i = 1, . . . , n — 1, introduce 

= (i) ' eC{u,y)®AD. 

We claim that 

Ki{H)ujD = Ki{h)ujD (3.3) 

in C{u,y) ® Ad- Indeed, 



Ki{H)ujiu,y,a) = {Ki{h) + Ki{H) - K,{h)) uo{u,y,a) = Ki{h) uj{u,y,a) + 
(-1)'" 



Clearly, the last term has zero projection to C{u, y) ® Ad and we get formula (13. 3p . 

Having formula (13. 3p . let us show that HgOJo = hgUJD in C[u,y] ® Ad- For that 
introduce two C[n, y] (g) A^-valued functions in a new variable x: 

F^x) = F,(x) = 

s=l * s=l 

and show that the functions are equal. 

Each of the functions is the ratio of a polynomial in x of degree n — 2 and the polynomial 
{x — zi) . . . {x — Zn)- To check that the two functions are equal it is enough to check that 
Fi(x) = F2{x) for X = y'^^\ i = 1, . . . ,n ~ 1, but this follows from formula (13.31) . Hence 
formula (13.11) is proved. 

Formula (13.21) follows from formula (13. ip . Indeed, by formula (12. 2p we have ^^=i ^sHg = 
Yl^=iJ2l=i i^sfnr — ^s,r)- This implies that J2s=i^sHs acts on the weight subspace 
Ma[A(°°)] as the operator + 1 — /) — E21E12, where Eij = ^s^ie[j\ Since 

Yl^=i ^shs = l(YTs=i + 1 ~ O5 formula (13. ip allows us to conclude that E21E12 ujd = 0. 
The operator E21 is injective, in variables u,y^^\ . . . ,y^"'~^^ it is the operator of multipli- 
cation by m. Therefore, Ei2UJd = 0. □ 



4. Multiplication in Ad and Bethe algebra Am 

4.1. Multiplication in Ad- By Theorem 12.2.51 the scheme Cd considered as a set is 
finite, and the algebra Ad is the direct sum of local algebras corresponding to points p of 
the set Cd, 

Ad = ©p Ap^D ■ 

The local algebra Ap^D may be defined as the quotient of the algebra of germs at p of holo- 
morphic functions in a, h modulo the ideal Ip^D generated by all functions . . . , qi+n-2- 
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The local algebra Ap jj contains the maximal ideal trip generated by germs which are zero 
at p. 

For f E Ad, denote by L/ the linear operator Ad ^ Ad, 9 ^ fg, of multiplication 
by /. Consider the dual space 

4* — ffi A* 

and the dual operators L*j : A*j-) A*j^. Every summand A^j^ contains the distinguished 
one-dimensional subspace which is the annihilator of trip. 

4.1.1. Lemma. 

(i) For any point p of the scheme Cd considered as a set and any f & Ad, we have 

(ii) For any point p of the scheme Cd considered as a set, ifWc A^jj is a nonzero 
vector subspace invariant with respect to all operators L*p f G Ad, then W contains 
mP. 

Proof. For any / G trip we have L*j^{mP) = 0. This gives part (i). 

To prove part (ii) we consider the filtration of Ap D by powers of the maximal ideal, 

Ap,D D ntp D D • • • D {0} . 

We consider a linear basis of Ap^D, a = 0,1, . . . , b = 1,2, . . . , which agrees with this 

filtration. Namely, we assume that for every i, the subset of all vectors fa,b with a ^ i is 
a basis of xrip . 

Since dim Ap^r/vn-p — 1, there is only one basis vector with a — and we also assume 
that this vector /o.i is the image of 1 in Ap D ■ 

Let denote the dual basis of A* ^. Then the vector /°'^ generates m^. 

Let w = b ^afif""'^ be a nonzero vector in W . Let Oq be the maximum value of a 
such that there exists b with a nonzero Ca,h- Let 6o be such that Cao,ho is nonzero. Then it 
is easy to see that L*^^ ^ w = Cao^bof'^'^- Hence W contains m^. □ 

4.2. Lineeir map r : — > Sing Ma[A(°°)]. Let /i, . . . , be a basis oi Ad considered 
as a vector space over C. Write 

c^D = X!^^®-^^ GSingMA[A(~)] . (4.1) 

i 

Denote by F C Sing Ma[A(°°)] the vector subspace spanned by vi,...,Vij,. Define the 
linear map 

T : A*i, ^ SingMA[A(°°)] , g ^ g{u;D) = Y1 9{fi)vi ■ (4.2) 

i 

Clearly, V is the image of r. 
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4.2.1. Lemma. Letp be a point ofCr, considered as a set. Letuj{u, y, a{p)) E Ma[A*-°°^] 
be the value of the universal weight function at p. Then the vector uj{u,y,a{p)) belongs 
to the image ofr. □ 

4.2.2. Lemma. Assume that the pair A,/ is separating. Then for any f G Aj:, and 
g e A}), we have T{L}{g)) = ipDM{f){r{g)). 

In other words, the map r intertwines the action of the algebra of muhiphcation oper- 
ators L*jr on A*j~i and the action on the Bethe algebra on SingMA[A*^°°^]. 

Proof. The algebra A^ is generated hj hi, . . . , hn. It is enough to prove that for any 
s we have T{Ll^{g)) = H,{T{g)). But T{Ll^{g)) = Y.i9{hsfi)vi = c/(Ei ® hji) = 
g{Z,H,v,0f,) = Hs{r{g)). □ 

4.2.3. Corollary. The vector subspace V C Sing Ma[A'^°°^] is invariant with respect to 
the action of the Bethe algebra Am and the kernel of r is a subspace of A*^, invariant 
with respect to multiplication operators L*j, f G A^. 

4.3. First main theorem. 

4.3.1. Theorem. Assume that the pair A, I is separating. Then the image of t is 
Sing Ma[A(°°)] and the kernel of T IS zero. 

4.3.2. Corollary. The map r identifies the action of operators L*p f e An, on A}j and 
the action of the Bethe algebra on Sing Ma[A''°°'*]. Hence the epimorphism ipoM '■ 

Am is an isomorphism. 



Proof of Theorem \4.3.1\ Let d = dim SingMA[A^°°)]. Theorem 9.16 in |RV] says that for 



generic z there exists d points Pi, . . . in Cd such that the vectors uj{u, y, a{pi)), . . . , 
Lv{u, y, a{p^)) form a basis in Sing Ma[A(°°)]. Hence, r is an epimorphism for generic z by 
Lemma [4. 2. 1[ By Theorem 12.2.51 and Lemma [2.1.41 dimensions of A^ and Sing Ma[A*^°°)] 
do not depend on z. Hence dim Ad ^ dim Sing Ma[A(°°^]. Therefore, to prove Theorem 
14. 3. H it is enough to prove that r has zero kernel. 

Denote the kernel of r by K. Let A^ = (BpAp^o be the decomposition into the direct 
sum of local algebras. Since K is invariant with respect to multiplication operators, we 
have K = ®pK fl A^ j-, and for every p the vector subspace K fl ^p_£) is invariant 
with respect to multiplication operators. By Lemma I4.1.H if 7^ fl A* ^ is nonzero, then 
K n Ap j-) contains the one-dimensional subspace m^. 

Let {fa,b} be the basis of Ap,D constructed in the proof of Lemma 14.1. II and let be 
the dual basis of A^ j^. Then the vector /°'^ generates m''. By definition of r, the vector 
T{f^'^) is equal to the value of the universal weight function at p. By Lemma [3.4.11 this 
value is nonzero and that contradicts to the assumption that /°'^ E K. □ 
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4.4. Grothendieck bilinear form on Aij. Realize the algebra as C[h,]//^, where 

I'jj is the ideal generated by n polynomials g_i, qo, qj{a{h), h), j = I + 1, . . . ,1 + n — 2, 
see Section [2.3.2[ 

Let p : Ad — > C, be the Grothendieck residue, 

. ^ 1 j^gg f 

Let ( , be the Grothendieck symmetric bilinear form on A^, defined by the rule 

(/, 9)d = Pifg) . (4.3) 

The Grothendieck bilinear form is non-degenerate. 

The form {, )d determines a linear isomorphism (p : A^, AJ^, f (/, ■)£). 

AAA. Lemma. The isomorphism (p intertwines the operators Lj and L*j for any f G 
Ad. 

Proof. For g e Ad we have 0(^/(5')) = (pifg) = if9,-)D = {g,f-)D = L*j{{g,-)D) = 
L}<P{g). □ 

4.4.2. Corollary. Assume that the pair A, / is separating. Then the composition Tcf) : 
Ad Sing Ma [A '^°°)] is a linear isomorphism which intertwines the algebra of multiplica- 
tion operators on Ad and the action of the Bethe algebra Am on SingMA[A*^°°)]. 

5. Three more algebras 

5.L New conditions on A, /. In the remainder of the paper we assume that A = 
(A^^-*, . . . , A*^")) is a collection of dominant integral gtg-weights, 

A^"*-* = 777,361, G Zjjo , s = l,...,n. (5.1) 

We assume that / G Z>o is such that the weig ht A(°°) = YJl=i ^^'^ - ^« is dominant 
integral. Hence the pair A, / is separating. 

5.2. Algebra Ap. Denote / = Ylli=i + 1 — /. We have / > /. Denote 

a = (0,1, ... , di_i^_^, dj_i^^, . . . ,dj) . 

Consider space C'^'+"^^ with coordinates a,a,h, cf. Section [2.2.11 

Denote by p{x, a) the following polynomial in x depending on parameters a, 

p{x, a) = x^ + dix^~^ + ■ ■ ■ + di_i_^x^^^ + di_ij^^x^'^ + ■ ■ ■ + a,- . 
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If h satisfies the equations q-i{h) — and qo{h) — 0, tfien the polynomial 'Dh{p{x, a)) is 
a polynomial in x of degree I + n — 3, 

Vn{p{x,a)) = q,{a,h)x^+^-^ + ... + qf_,^^^{d,h) . 

The coefficients qi{a, h) are functions linear in a and linear in h. 

Recall that if p(a;, a) = x'- + a^x'-"^ + • • • + a; and h satisfies equations q-i{h) = and 
qo{h) — 0, then the polynomial Dh{p{x, a)) is a polynomial in x of degree I + n — 3, 

'Dh{p{x,a)) = qi{a,h)x^^''-^ + ... + qi+n-2{a,h) . 

Denote by Ip the ideal in C[d, a, h] generated by polynomials q^i, qo, qi, . . . , qi^n-2, 

qii ■ ■ ■ ■,qi+n-2- 

The ideal Ip defines a scheme Cp C C^+'+"~^. The algebra 

Ap = €.[a,a,h\/Ip 

is the algebra of functions on Cp. 

The scheme Cp is the scheme of points p G C'+'+"^^ such that the differential equation 
D/i(p)m(x) = has two polynomial solutions a(p)) and a{p)). 

5.3. Algebra Aq. Let d be a sufficiently large natural number and C^fx] the vector 
subspace in C[a;] of polynomials of degree not greater than d. Let C be the Grassmannian 
of all two-dimensional vector subspaces in C(i[x]. Let z = (^i, . . . , Zn) be distinct complex 
numbers. 

For s — 1, . . . , n, denote by C^^^^(s) C G the Schubert cycle associated with the point 
^5 e C and weight A*^*). The cycle C^^^f^(a) is the closure of the set C° ^(^) C G of all 
two-dimensional subspaces V C '^^[x] having a basis /i, /2 such that 

h{zs) = 1 and h{x) = (x - + 0{{x - z^r^^^) . 

Denote by C(^^(cx>) C C the Schubert cycle associated with the point oo and weight 
A^°°\ C'oo,A(°°) is the closure of the set C'^y^(oo) C G of all two-dimensional subspaces 

V C Cd[x] having a basis /i, /2 such that deg /i = I and deg f2 — I. 
Consider the intersection 

Cg = C'^,A(°°) n ( n"=i G^i.AW ) ■ 

Denote by Aq the algebra of functions on Cq. 

It is known from Schubert calculus that dim Aq is finite and does not depend on z 
with distinct coordinates. 

5.3.1. It is easy to see that 
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5.3.2. We shall use the following presentation of the algebra Aq. 

Consider space C'"*"'"-^ with coordinates a, a. A point p e C'"*"^"^ will be called admis- 
sible if for every s = 1, . . . ,n at least one of the numbers p{zs, o,{p)), p{zs, ct{p)) is not 
zero. The set of all admissible points form a Zariski open subset U C C'^'~^. 

For polynomials f,gE C[x] denote by Wr(/, g) the Wronskian f'g — fg', where ' denotes 
d/dx. The Wronskian of a) and a) has the form 

Wr(p{x,a),p{x,a)) = ([ - + 'u;i(a, ajx'"*"'"^ H h Wj-_^,_i(a, a) 

for suitable polynomials u^i, . . . , ■u;ji^^_j in variables d, a. 
Let us write 

n 

for suitable numbers Ci, . . . , cij^i_i- 

Let Ajj be the algebra of regular functions on the set U of all admissible points. Denote 
by Iq C Au the ideal generated by / + / — 1 polynomials wi — ci, . . . , — Ci_^_i_i. Then 

Ag = Au/Ig ■ 

In this presentation of Ag the scheme Cg is the scheme of points p ^ U such that the 
Wronskian of p{x, a{p)) and p{x, o,{p)) is equal to (/ — /) n"=i(^ ~ Zg)'^^ ■ 

5.4. Algebra Al. Let 

La = L^(i) (g) ■ ■ ■ (g) L^(n) 

be the tensor product of irreducible g[2-modulcs with highest weights A*^^', . . . , A*^"\ re- 
spectively. Denote by SingLA[A*^°°)] the subspace of La of singular vectors of weight 

Let S denote the tensor Shapovalov form on Sing Ma [A*^°°)] , induced from the tensor 
product of the Shapovalov forms on the factors of Ma = Ma(i) (8) • • • (8) M^{n) . 
The Shapovalov form determines the linear cpimorphism 

(7 : SingMA[A(°°)] ^ SingLA[A(°°)] . 

The Bethe algebra Am preserves the kernel of a and induces a commutative subalgebra 
Al in End (SingLA[A(°°)]) called the Bethe algebra on Sing La[A(°°)]. 
Denote by ipML '■ Am —>■ A^ the corresponding epimorphism. 

5.4.1. Denote by 

^ _ _ ms _^ _^ iPml{Hs) 

dx'^ ^ X — Zg dx ^ X — Zg 

s=l ^ s=l * 

the universal differential operator associated with the subspace Sing La[A(°°)] and collec- 
tion z. 
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5.4.2. Theorem. Assume that the pair A. / satisfies conditions o f Section l5A[ Then for 
any vq G SingLA[A^°°)] there exist Vi, . . . G Sing La [A '^°°)] such that the function 

v{x) = Vqx'' + Vi X^~^ + . . . + V'l 

is a solution of the differential equation Dlv{x) = 0. 

This theorem is a particular case of Theorem 12.3 in |MTV3] . 

6. Four more homomorphisms 

6.1. Isomorphism ipcp : Aq —>■ Ap. A point p of Cp defines the differential equation 
'Dh{p)u{x) = and two solutions p{x, a{p)) and p{x, ci{p)). We have 



WT{p{x,a{p)),p{x,a{p))) = il-l)Ylix- 

s=l 

Hence, the pair p{x, a{p)), p{x, a{p)) defines a point of Co- 

This construction defines a homomorphism of algebras ipcp '■ Ap. 

6.1.1. Theorem. The homomorphism ipcp is an isomorphism. 

Proof. We construct the inverse homomorphism as follows. Let i; be a point of Cg- 
Consider the following differential equation with respect to a function u{x), 

(u" u' u \ 

p{x,a{v))" p{x,d{v)y p{x,a{v)) =0. 
p{x,a{v))" p{x,a{v)y p{x,a{v)) J 

Let us write this differential equation as Bq[x)u" + Bi{x)u' + B2{x)u = 0. Here 

n 

Bo{x) = WT{p{x,a{v)),p{x,a{v))) = ([- /) - z,r^ . 

s=l 

It is easy to see that each of the polynomials Bi, B2 is divisible by the polynomial 

n 

B{x) = {! - i)i[{x - z,r^-' . 

s=l 

Introduce the differential operator 

d'^ d \ ( £■ d \ 

Dv = boix)— + hix)— + b2{x) = ——[Boix)— + Bi{x)— + B2ix)] . 

dx^ dx B(x] \ dx"^ dx / 



Then 

n n / n 

s=l s=l \s=l ^ ^'^ 

and b2{x) is a polynomial of degree n — 2, whose leading coefficient is //. 
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The triple, consisting of the differential operator T)^ and two polynomials p{x,a{v)) 
and p{x, cl{v)), determines a point of Cp, thus defining the inverse homomorphism Ap — > 
Ag. □ 

6.1.2. Corollary. The dimension of the algebra Ap is finite and does not depend on z 
with distinct coordinates. 

Indeed, dim Ap = dim Ac and dim Aq is finite and does not depend on z with distinct 
coordinates. 

6.1.3. It is known from Schubert calculus that dim Ac = dim SingLA[A^°°^]. 

6.2. Epimorphism ip^p : Ap, ^ Ap. A point p of Cp determines the differential equa- 
tion Dh(p) ^(a;) = and two solutions and a(p)). Then the pair, consisting 
of the differential equation Tih(p) u{x) = and one of the solutions p{x, a{p)) determines a 
point of Cd- This correspondence defines a natural algebra epimorphism ipDP '■ Ap- 

6.3. Linear map ^ : Ad ^ Sing La [A ^°°^]. Denote hy ^ : Ad SingLA[A(~)] the 
composition of linear maps 

Ad ^ Al ^ SingMA[A(°°)] ^ Sing La [A^^)] . 

By Theorem 14.3.1^ ^ is a linear epimorphism. 

Denote by^^L : Ad — ^ Al the algebra epimorphism defined as the composition 

i^MLi>DM- 

6.3.1. Lemma. The linear map ^ intertwines the action of the multiplication operators 
Lf, f E Ad, on Ad and the action of the Bethe algebra Ap on SingLA[A(°°)], i.e. for 
any f,g e Ad we have ^iLf{g)) = ^DL(/)(^(fi'))- 

The lemma follows from Corollary I4.4.2[ 

6.3.2. Lemma. The kernel of C, coincides with the kernel ofipDi- 

Proof If ipDiif) = 0, then ^{f) = ^{Lf{l)) = = 0. On the other hand, if 

= 0, then for any g e Ad have ^Diifmig)) = ^Lfig)) = ^fg) = aLgif)) = 
ipDL{.g){.i{.f)) = 0. Since ^ is an epimorphism, this means that 'ipDiW) = 0- ^ 

6.3.3. Lemma. The kernel of C, coincides with the kernel ofipDP- 

Proof. By Schubert calculus dim SingLA[A^°°)] = dim Aq. Hence it suffices to show that 
the kernel of ^ contains the kernel of ipDP- But this follows from Theorems 12.1.51 and 15.4.21 
Indeed the defining relations in = ^^/(ker ipDp) are the conditions on the operator 
Dh to have two linearly independent polynomials in the kernel. Theorems 12. 1.51 and 15. 4. 2] 
guarantee these relations for elements of the Bethe algebra Ap. Hence, the kernel of ipDi 
contains the kernel of ipDP- By Lemma [6.3.21 the kernel of ^ coincides with the kernel of 
ipDL- Therefore, the kernel of ^ contains the kernel of ipDP- D 
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6.3.4. Corollary. Since the algebra epimorphisms ipop one? ■j/'^ii have the same kernels, 
the algebras Ap and are isomorphic, and hence by Theorem \6.1.1\ the algebras Aq and 
Al are isomorphic. □ 



6.4. Second main theorem. Denote by z/'pl '■ the isomorphism induced by 

ipDL and ipDP- The previous lemmas imply the following theorem. 



6.4.1. Theorem. The linear map ^ induces a linear isomorphism 

C : Ap ^ SingLA[A(°°)] 

which intertwines the multiplication operators Lf, f G Ap, on Ap and the action of 
the Bethe algebra Al on Sing La[A^°°^], i.e. for any f,g G Ap we have ({Lf{g)) = 

i^pdfmg))- □ 



6.4.2. Corollary. // every operator f G Al is diagonalizable, then the algebra Al has 
simple spectrum and all of the points of the intersection of Schubert cycles 

are of multiplicity one. 

Proof of Corollary. The algebras Al, Ap and Ac are all isomorphic. We have Ap = 
®pAp^P where the sum is over the points of the scheme Cp considered as a set and Ap,p 
is the local algebra associated with a point p. The algebra Ap,p has nonzero nilpotent 
elements if dim Ap p > 1. If every element / G is diagonalizable, then the algebra 
is the direct sum of one-dimensional local algebras. Hence Ap has simple spectrum 
as well as the algebras Al and Aq. □ 



6.4.3. Corollary 16.4.21 has the following application. 

Corollary |EGSV] . // zi,...,Zn are real and distinct, then all of the points of the 
intersection of Schubert cycles 

Cg = C'oo,A(°°) l~l ( ^7=1 Cz,,A(') ) 

are of multiplicity one. 



Proof, li Zi, . . . , Zn are real and distinct, then by Corollary 3.5 in [MTV2j all elements of 
the Bethe algebra Al are diagonalizable operators. Hence the spectrum of Aq is simple 
and all points of Cq are of multiplicity one. □ 

This corollary is proved in |EGSVj by a different method. 
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7. Operators with polynomial kernel and Bethe algebra Al 

7.1. Linear isomorphism 9 : A*p — > Sing La[A*^°°)]. Define the symmetric bilinear form 
on Ap by the formula 



U,9)p = S{af),a9)) foraU f,geAp. 



Recall that S{, ) denotes the Shapovalov form. 
7.1.1. Lemma. The form {,)p is non- degenerate. 



The lemma follows from the fact that the Shapovalov form on SingLA[A*^°°)] is non- 
degenerate and the fact that ( is an isomorphism. 



7.1.2. Lemma. We have {fg,h)p = {g, fh)p for all f,g,h & Ap. 



□ 



The form ( , )p defines a linear isomorphism n : Ap A*p, f (/ , ■)p. 

7.1.3. Corollary. The map tt intertwines the multiplication operators Lf, f G Ap, on 
Ap and the dual operators L*j, f & Ap, on A*p. 

7.2. Third main theorem. Summarizing Theorem 16.4. II and Corollary 17. 1 .31 we obtain 
the following theorem. 

7.2.1. Theorem. The composition 9 = (tt^^ is a linear isomorphism from A*p to 
Sing La [A '■°°)] which intertwines the multiplication operators L*^, f G Ap, on A*p and 
the action of the Bethe algebra Al on Sing La[A*^°°)], i.e. for any f G Ap and g G A*p we 



7.2.2. Assume that v G SingLA[A*^°°^] is an eigenvector of the Bethe algebra Ai, that 
is, iPml{Hs)v = XgV for suitable G C and s = l,...,n. Then, by Corollaries 12.2.1 
and 12.2.2 in |MTV3j . the differential operator 



has the following properties. The operator V has regular singular points at zi, . . . , Zn,oo. 
For s = 1, . . . ,n, the exponents of D at Zs are 0, + 1. The exponents of 2) at oo are 
— /, / — 1 — X]"=i The kernel of 2) consists of polynomials only. The following corollary 
of Theorem 17.2. II gives the converse statement. 

7.2.3. Corollary of Theorem 17.2.11 Let p G C" be a point such that q^i(h(p)) = 0, 
qo{h{p)) = 0, and all solutions of the differential equation X'ii(p)n(a;) = are polynomials. 
Then there exists an eigenvector v G SingLA[A*^°°)] of the action of the Bethe algebra A^ 
such that for every s = 1, . . . ,n we have 

iPml{Hs)v = hs{p)v . 



have9{L){g)) = Mf){e{g)). 



□ 
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Proof of Corollary 7.2.3. Indeed, such p defines a linear function rj : Ap C, hg ^-^ hs{p) 
for s = l,...,n. Moreover, ri{fg) = ri{f)ri{g) for all f,g E Ap. Hence rj G A*p is 
an eigenvector of multiplication operators on A*p. By Theorem 17.2.11 this eigenvector 
corresponds to an eigenvector v G SingLA[A*^°°^] of the action of the Bethe algebra A^ 
with eigenvalues prescribed in Corollary 17.2.31 □ 



7.2.4. Assume that p G C" is a point satisfying the assumptions of Corollary 17.2.31 We 
describe how to find the eigenvector v G Sing La[A(°°)] indicated in Corollary 031 

Let f{x) be the monic polynomial of degree I which is a solution of the differential 
equation 'Dh{p)w{x) = 0. Consider the polynomial 

u{u,y) = u^Hfiy^'^) 

i=i 

as an element of Ma, see Section [37il By Theorem 13.4.21 this vector lies in Sing Ma [A '^°°-'] 
and Lj{u,y) is an eigenvector of the Bethe algebra Am with eigenvalues presecribed in 
Corollary l7.2.3[ Consider the maximal subspace V C Sing Ma[A'^°°)] with three properties: 
i) V contains u^u, y), ii) V does not contain other eigenvectors of the Bethe algebra Am, 
iii) V is invariant with respect to the Bethe algebra Am- Let cr(y) C Sing La[A*^°°)] be 
the image of V under the epimorphism a. Then the subspace cr{V) contains a unique one- 
dimensional subspace of eigenvectors of the Bethe algebra A^. Any such an eigenvector 
may serve as an eigenvector of the Bethe algebra A^ indicated in Corollary 17.2.31 

8. Appendix. Grothendieck and Shapovalov forms 
8.L Form ( , )s on Ajj. Define the symmetric bilinear form on A^ by the formula 

{f,9)s = Sm),a9)) for all f,geAn, 
where S{ , ) denotes the Shapovalov form. 

8.1.1. Lemma. The kernel of the bilinear form (, )s coincides with the kernel of the 
linear map ^. 

The lemma follows from the fact that the Shapovalov form on SingLA[A*^°°''] is non- 
degenerate. 

8.1.2. Lemma. We have {fg,h)s = {g, fh)s for all f,g,h E Ad- 

The lemma follows from Theorem 14.3.11 and the fact that the operators of the Bethe 
algebra are symmetric with respect to the Shapovalov form, see, for example, |RVj and 
|MTVlj . 

8.1.3. Corollary. There exists F G Ad such that {f,g)s = {Ff,g)D for all f,gE Ap. 
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8.1.4. Lemma. The kernel of the multiplication operator Lp : Ao —>■ coincides with 
the kernel of C,- 

The lemma follows from Theorem 14.3.11 and the fact that the kernel of a is the kernel 
of the Shapovalov form on SingMA[A*^°°)]. 

The image of L^r is the principal ideal (F) C Ajy generated by F. 

8.1.5. Corollary. The algebra of operators Lf,f G Ajj, restricted to {F) is isomorphic 
to the algebra A^. 

Denote J = {f & A^ \ fg = for all g G keripop}- The following lemma describes the 
ideal (F) without using the Shapovalov form. 

8.1.6. Lemma. We have (F) = J. 

Proof. The inclusion (F) C J follows from Lemmas 18.1.41 and I6.3.3[ On the other hand, 
since ( , )d is non-degenerate, we have dim J = dimA/j — dimkei ipnp. By Lemma [8. 1.41 
[F) has the same dimension and hence (F) = J. □ 
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